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Abstract

Time independent solitary waves and shocks are investigated in two

component plasma using a fluid model and kinetic theory. It is found

that very small concentrations of a light ion can drastically alter the

structure, changing the potential maximum ~m by an order of magnitude.

For a fixed Mach number, a critical density ratio of light to heavy ions

is found at which 4m changes discontinuously from a value large enough

to reflect the light ions to one which allows them to traverse the shock

front and enter the downstream flow. The downstream oscillatory struc-

ture normally seen in a shock is completely quenched by dissipation due

to light ion reflection at concentrations of 3 - 8% He in an A plasma

for typical T /T and Mach number values.
e i
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I. Introduction

Electrostatic, ion-acoustic shock waves in the collisionless regime pro-

vide one of the simplest and most easily analyzed examples of collisionless

shock waves in a plasma. In addition to their intrinsic interest on fundamen-

tal grounds, they are important also because high Mach number collisionless

shock waves propagating across a magnetic field require an electrostatic sub-

shock to provide sufficient dissipation.l The structure of such electrostatic

shocks was treated by Moiseev and Sagdeev2 with a simple model: a time-

independent theory of cold (fluid) ions and isothermal electrons. Actually,

this simple theory predicts only "solitons", i.e., pulse-like potential struc-

tures in which there is no net change, the potential profile, ¢(z), being

either periodic in z or else symmetric about its maximum point. Including

additional physical effects (e.g., ion thermal motion, with a consequent

reflection of some ions) results in a shock-like structure, with * and the
other physical variables undergoing a net change across the shock, but the

simple Moiseev-Sagdeev theory continues to be valuable as a description of

the leading portion of the shock front.

On physical grounds, it would be expected that the shcok structure would

be significantly affected by the presence of lighter ions, since these can be

reflected by the potential even when the dominant (heavy ion) species suffers

little or no reflection. We show here that very small concentrations of a

light ion can drastically alter the shock or soliton structure, changing the

height 4m of the potential maximum by an order of magnitude, In fact, if

a = N2/N
1

is the density ratio of light to heavy ions, there exists a critical

value, ac' depending principally on the mass ratio, j = m
1
/m2 , and the shock

Mach number, above which 4m drops discontinuously from a value large enough to
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reflect the light ions to one which allows them to traverse the shock front

and enter the downstream flow. Equivalently, for given a, we find a new criti-

cal Mach number, Mc(a) for the transition from a small amplitude shock or

soliton, which allows light ions to stream past it (in the shock rest frame)

to a large amplitude which reflects all of the light ions. In fact, for a

given concentration of light ions incident on the shock, ai, there is a forbid-

den band of Mach numbers, Mc(ai) < M < Mc(2ai), for which no steady state

solution can exist.

These results follow very simply in the cold fluid approximation, as shown

in section II. Moreover, thermal effects cause only quantitative changes, so

long as Ti/T
e

is not so large as to prevent shock or soliton solutions alto-

gether. This is discussed in section III, where a Vlasov equation treatment

is used for the light ions, the heavy ions being treated as either a cold fluid

(T1 = 0) or with a Vlasov treatment, assuming equal temperatures for light and

heavy ions.

II. Cold Fluid Analysis

The essential features of the two species problem can be seen most clearly

in the limit where both ion species are treated as cold fluids, with density

nj, flow velocity Vj, mass mj, where (j = 1,2) and p = ml/m2 > 1. From the

conservation laws, we have in the shock rest frame

njVj = NJu

Vj + 2e0/m = u2

and hence

nj Nj (1 - 2e/mju
2
) -1/2

where u is the shock velocity in the lab frame and Nj is the total density of
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species j in the upstream region. (If the light ions are reflected by the

shock, N2 represents the sum of incident and reflected ions.) The electrons

we treat as isothermal,

ne = N exp(e~/Te)
e e

Expressing Poisson's equation

d2 /dz2 = 4Te(ne-n-n 2)

in terms of the dimensionless potential

= 2e/mlu2

and using the electron Debye length

k = (Te/4nNe2)1/2
D e

as a unit of length, we have

~ = (2/M2 ) {exp(M2 i/2) - (1-a)(l-_)- 1/2 - (1-p)- 1/2 }

E - dV/d#

where a2 = N2/N gives the total concentration of the light ion species. The

function V(W) is a simple extension of the Sagdeev potential; from it we can

immediately deduce the qualitative features of the solutions, 9(z), by exploit-

ing the analogy to particle motion in a potential well (z X time, i X% particle

coordinate, V ' potential energy). Choosing the constant of integration to

make V(O) = 0, we have

V(%,M,a) =- 4/M2 {M-2[exp(M2 /2) - 1] + (1-a)[(l- /)1 / 2 - 1]

+ (ca/)[(1-p) 
1
/2 - 1] } . (1)

In Fig. 1, we show how V(9) varies with Mach number M for given light ion

concentration, a, and with a for given M, with mass ratio p = ml/m2 = 5. The
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maximum potential, i m' is given by the first non-zero root of V(W). For small

a or large M, this exceeds 1/p, and so all of the light ions are reflected.

However, the light ions do cause a modification in V(W), namely the small cusp-

like structure near i = p . When a critical value of a is reached, this cusp

crosses the p axis, resulting in a sharp drop of Pm to a value so small that

the light ions are no longer reflected. [This continues to be the case as a

increases, until a limit is reached at which the condition (d V/d# ) O < 0,

required for the existence of soliton solutions, is violated. Since

(d 2V/d* 2)1 O = -M 2 [M2 _ pa - (l-a)]

we must have M
2
> 1 + (p-l)a , i.e., u must exceed the ion acoustic speed

based on the reduced ion mass.]

The critical value of a for given M, or, equivalently, the critical Mach

number, Mc, for given a is obtained from

V(P-i,Mc,a) = O .(2)

We can solve explicitly for a in terms of M and p:

a = [(exp(M2 /2p) - 1)M
- 2 + p - 1]/p(p-l) = (1 - - /2 (3)

which leads to the critical Mach number curves shown in Fig. 2. For p >> 1,

we have

a = (M2-1)/4p + (2M4 + 3M2 + 3)/48p2 (4)

or

1/2
M = (1 + 4pa - 2/3p)

which explains the nearly straight-line shape of the curves in Fig. 2. If,

for given M, we increase a from zero, the soliton structure develops a shoulder

at ~ = 1 , the amplitude, m X" 1, being large enough to reflect the light ions.

The point of reflection occurs where p = p ; there, the light ion density has
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an integrable singularity, which manifests itself in the cusp in V(4) at

= ~ . As the light ion concentration increases, the density singularity

becomes stronger and eventually, at a value of a given by (3), brings tm down

to a value just below j , at which point the light ions are no longer reflected.

In addition to the prediction of a critical Mach number (or light ion con-

centration), with pm changing discontinuously as we cross the M vs. a curve

in Fig. 2, another discontinuity associated with this phenomenon appears when

we consider the application to an experimental situation. This arises from the

fact that in the upstream region we must distinguish two measures of light ion

concentration. One is the quantity a used above, defined to be the total con-

centration, a = N2 /N, where N2 is the total density of light ions, not only

those incident on the shock, but also those reflected, if any. The other

measure, which we denote as a1, is defined as the density of incident light

ions only. When there is light ion reflection, we have a = 2 ai; otherwise,

a = ai' Suppose, now, that the shock is propagating into a quiescent plasma,

characterized by some value of ai. If M is below the critical value, M c(ai),

then there is no reflection; a = ai; and we have a small amplitude shock. If

M is increased until it is infinitesimally larger than Mc(ai), then the shock
ci

becomes large enough to reflect the light ions and we have a 2a
i

. However,

M is now well below the critical Mach number, M (2ai ) corresponding to this

larger value of a, implying that the light ions are not reflected. We conclude

that there is no steady state solution for M in the range Mc(a
i
) < M < Mc(2ai).

Once M exceeds M c(2ai ) we have again a self consistent solution, with reflected

light ions. The situation is summarized in Fig. 3 which shows the forbidden

region of Mach numbers for the case p = 10.

In a sense, this range of forbidden Mach numbers makes the discontinuous

change in m which occurs on crossing the M 2 vs. a curve (Fig. 2) less
m c
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surprising. If we consider the incident light ion concentration, ai, to be

the physically relevant parameter, then it follows that for ai fixed, *m in-

creases continuously from 0 to p 1 as M goes from 1 to M (ai). Beyond that

point, no further continuous change in M is possible until we get to Mc(2ai).

There we will, indeed, have ~m of order 1, but at least this finite change in

m is associated with a finite change in M.

It might be thought that these discontinuous features of the problem are

a consequence of our neglect of thermal effects, since a distribution in ion

velocity would remove the singularity in density associated with the reflection

of all light ions at a single location. In the following section, we show that

inclusion of thermal effects for the light ions rounds and diminishes the cusp

at P = 1/p, so that a higher concentration of light ions is required for the

transition from large to small shock amplitudes, for given Mach number. How-

ever, the transition, when it occurs, is still an abrupt one and there continues

to be a band of forbidden Mach numbers. Of course, as T2 /Te increases, the

whole effect washes out, just as the shock itself does when T /Te is not small.

III. Vlasov Analysis

As before, we work in the shock rest frame. Initially, we continue to use

a cold fluid treatment for the heavy ions, since their thermal velocities are

typically small compared to the shock velocity, u. However, the light ion

thermal velocities can be comparable to u, so we treat them with a distribution

function, f(v,z), which satisfies the Vlasov equation.

Since the problem is time-independent, the ion equations of motion again

reduce to conservation laws:
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nlV
1

= N 1U

V
1

2 + (2e4/m1 ) = U2

f(v,z) = F[(v2 + 2ec(z)/m2 )l/2] (5)

where nl,V1 are the density and mean velocity of the heavy ions; f is the

light ion distribution function; ~ is the electrostatic potential, chosen to

be zero at z = -o, where the heavy ion density is N
1
; and F(v) gives the light

ion distribution function at z = -,

F(v) = f(v,-A)

normalized4 , so that

O

dvF(v) = 1

0

From f, we find the light ion density at any point, z, from

oo

n2(z) = N2 i J f(v,z) dv (6)

-oo

where N2i is the density of light ions incident on the shock, i.e., the density

of all light ions at z = -oo which have not been reflected at the shock. For

the electrons, we assume isothermal equilibrium

ne = N exp(e~/Te) (7)

Charge neutrality at z = -o requires

N = N1 + N2i(l+q) - N1
+ N

2
(8)

where q is the fraction of incident light ions which are reflected by the shock:

0

q = dv F(v)

For the light ions, we assume, far upstream, essentially a Maxwellian distribution
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plus that portion of the incident ions which are reflected by the shock, i.e.,

all those with incident velocity

v < = (2epm/m 2 )1/2 (10)

where m is the maximum of ~. If we were treating a time dependent problem,

it would be appropriate to assume a full Maxwellian upstream. However, in the

context of a steady state problem, ions with v < 0 in the upstream region can

have only two sources:

1. Those ions which had, initially, a positive velocity and have been

reflected by the shock front.

2. Those ions which have come through the shock from the downstream region,

and hence have a velocity not less than [2e( m-_)/m2] /2.

In the present discussion we shall neglect this second possibility, i.e., we

assume that far downstream there are only light ions with v > 0 which have

come through the shock from the upstream region.5 Then F(v) is given by

c2 2 2
F(v) = exp [-(v-u) /a2 (11)

a 27T1
and

F(v) = F(-v) -v < v < 0m

where (5) requires

co

cCdw2 c2-W
1/2 dw e = 2 [1 + erfy] = 1 (12)
Tr/22

-u/a2

where y = u/a2. For cold ions (y + m), C
2

-X 1. The fraction of reflected

ions, q, which appears in (8) is given by

u/a 

=c11 1 j 2 dw ew = (C2/2) {erfy - erf[y - y(p )/} . (13)

(u-vm)/a22



-11-

For the light ion density (6) we then have from (5) and (11)

n2 (z) t 2

2 h0I dv F((v2 +x2 )1/ 1 2 ) + I dv F((v2+x2)
1

/ 2 )

0 0

where

X - [2e~(z)/m21/2 - U(w) 1/2

is the velocity which a light ion has at z = -- if it gets reflected by the

shock potential at the point z. It is convenient to introduce

v = (v2+x2)1/2

which is the velocity, at z = -a, of

with velocity v. Then

n2 JI ̂ ̂  2 2 -1/2
dv vF(v)[v -X ] +

N2i X

where

a light ion which reaches the point z

Xm ^ ^ ^ IX2]-i/2

X dv vF(v)v-x (14)

X

Xm 
=

U(Wm )
1 / 2

We can write (14) as

n2/N
2

= - Va2/aX
2

where

^ ^ ^^2 2 1/2 ^^ ^ ^ /2V 2 d dv vF(v)[V 2 X ] + | dv vF(v)[v2 _X]

X X
In terms of the dimensionless potential

p = 2e%/mlu2

we have for the first term in V
2

(15)

(16)

(17)

co .o
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2C2 12 2 1a 2 2 2 A2 2 1/2x dv vF(v)[v2_2 l 2 = (C /a2 Tr dv v exp[-(v-u)2/a22 [v2-u2 ]1/ 2

-1/2 21( 2 1/2 2

X U(P9)

C2r
-

1 / 2 u2 j dw.w(w -2P) exp[-y 2(wl) 2]

where y = u/a2. Making similar changes of variables in the second term, we find

V2 () = 2u2Up ()

with
(~p )1/2

Up() = | dw G(w). + 1/2 dw G (w) (18)

W(19)

G (w) = c2 1/
2
y w(w

2
4-p)

1
/2 exp[-y

2
(w-l) . (19)

The first term in (18) corresponds to'incident light ions, the secoad term to

reflected ones.

Since n2 /N2i = (n2 /N2)(l+q) ' a(l+q) and

n2 a_ v 1 dV 2 u1(~) (20)

N2 i X2 2 dJ p1

we see that U (0)/(l+q) replaces the term (1-pi)1 /2 in the expression (1) for

V(%). In fact, in the limit a2 + 0 we have, for p1 < 1,

C 2 + G(w) + 6(w-1)(1-p)l/2

(1-P~) 1 / 2 U~111 < 1uP) -+1 1/2
2 (1-wp) PU > 1

0 4 ° m < 1

q1 + 0 "Inm > 1
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so U (4)/(l+q) + (1-p)1 / 2·

Adding the other terms representing electrons and heavy ions, we have for

the Sagdeev potential

V(W) = -4M-2{M-2[exp(M2~/2)-1] + (1-a)[(l- )1/2 - 1] + a U (4)/(l+q)} (21)

where the parameters of the problem are Mach number, M; total upstream light

ion concentration, a; mass ratio, p - ml/m
2

> 1; and the light ion/electron

temperature ratio T2 /Te. The quantity, y, which is involved in C1, q, and U,

can be expressed in terms of these:

y = M(T /21T2 )
1
/2 (22)

In contrast to the cold fluid case (y + o), note that Vm enters also as a

parameter, and must be determined self-consistently with (21), *m being the

largest root of (21) on the interval 0 < ~ < 1.

Representative plots of V(9) for varying values of 6 = T /T2 are shown in

Fig. 4. For very large 8, the cusp near e - 1/V is rounded, due to the spread

in reflection points of the light ions. For smaller 8, it is reduced in ampli-

tude, and below a value of e of order 100 the effect disappears entirely. For
C

O > 0c, the transition from small to large amplitude shocks still occurs, but

for given concentration the critical Mach number is larger. This is shown in

Figs. 5, 6, where plots of M vs. a are given for various values of 8.

A plot of Mach number versus amplitude for fixed e, n2 /ne is shown in

Fig. 7. Near point A on the large amplitude shock segment, the light ion cusp

is approaching very close to zero. The shock then possesses a very long foot

in which the reflected light ions have a very low velocity in the shock frame.

One would thus expect the onset of the two stream instability, and therefore

the forbidden region in Fig. 7 (for laminar shocks) might be bridged by a

turbulent region.
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It is easy to consider the thermal effects associated with the heavy ions,

which can become important at large Mach numbers. When the heavy ions are

cold, V(W) has a cusp at 4 - 1, again due to the singularity in density at the

reflection point. Thermal effects remove this singularity, just as in the

case of the light ions, and cause a smearing of the cusp in V(4). If T 1/T is
le

too large, V(9) may remain negative for all i, and no steady shock or soliton

2
solution is possible. As pointed out by Moiseev and Sagdeev, a similar

effect occurs even at Ti = 0 when M gets large, resulting in an upper limit:

M < M = 1.6. Segre and Bardotti
6
have calculated the reduction in M as

Ti/Te increases for the single species case, and we have included curves for

M ° vs. a in Figs. 5, 6 for several values of T/T , with T1 = = T = T. Formally,
e 2

the Sagdeev potential for T1 O is obtained by using Ul()/(l+ql) in place

of (1-) 1/2 in (22), where U1 is given by (18) with i = 1 and ql is given by

(13), again with p = 1.

As described by Bardotti and Segre, the reflection of ions from the poten-

tial also provides a dissipative mechanism, and in fact leads to a shock rather

than a solitary wave even in the absence of other dissipative effects. The

addition of a light ion further enhances this effect in two ways. Firstly,

the light ions themselves are totally reflected in the large amplitude shock

region. Secondly, for fixed Mach number the addition of light ions slightly

increases the amplitude of the shock, causing the increased reflection of heavy

ions. This effect can be simply examined by calculating the Sagdeev potential

for the downstream state, given by removing the reflected ion terms from the

upstream potential. Examples of the potential for upstream and downstream

states are shown in Fig. 8. The result obtained is that a small addition of

light ions can entirely quench the downstream oscillatory structure. This

effect depends very sensitively on the ratio Te/Ti, the light ion concentration,
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and on the Mach number, but in general complete quenching is observed for only

5% He concentration in an A plasma.7 It has been pointed out by Forslund and

Shonk that numerical simulation studies of acoustic shock waves indicate a

flattening of the electron distribution function occurs, with a resulting

change in the equation of state from the isothermal law which we have used.

Specifically, the electron density is assumed to have the form

ne = N {(2r)- i/ 2 M91/2 + exp(pM2/2) · erfc[(9/2) M]}

where erfc is the complement of the error function. This density corresponds

to a distribution in velocity which is constant for Iv/uI < (ml/me) 1/2 1/2

and given by adiabatic displacement of a Maxwellian from a point where 9 = 0

for (v/u) > (ml/me)/2 9 1/2 The authors refer to this distribution as maximum

density electron trapping, although the electron density is less than that

given by the Boltzmann law. We have repeated our calculations using this modi-

fied equation of state and find that the numerical results concerning transition

from small to large amplitude shocks are not greatly changed. This is to be

expected, as the cusp due to the light ions appears for very small 9, whereas

the two electron equations of state differ for large 9. The range of Mach

numbers for which the theory is valid is increased, M in the case of a cold

single ion species changing from 1.6 to 3.1. Most important, the ion reflection

from the shock is significantly changed for low 0, and the quenching of down-

stream oscillations is very sensitive to this. Figure 9 shows the quenching of

the downstream oscillations for a few representative Mach numbers and typical

laboratory values of e, using both electron equations of state. Note that for

these values of 0 there is no transition to a small amplitude shock.
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Conclusion

Two important effects are caused by the addition of a small light ion

concentration in a heavy ion plasma. In the range of Te/Ti >> 1 (for a He-A

plasma Te/T
i
> 70 is sufficient) there exists a critical Mach number, depending

on n2 /nl, at which the potential maximum changes discontinuously. This dis-

continuous change results in a band of Mach numbers in which no steady state

laminar solution exists. This range of e is unfortunately not yet experimentally

accessible and the transition from small to large amplitude shocks has not been

observed. In numerical simulation experiments carried out by Forslund and

Morse,9 with values of 0 = 400, a small amplitude shock with almost no light

ion reflection forms, followed by a region of turbulent heating which raises

the ion temperature into the large amplitude shock region, after which a large

amplitude shock forms which sweeps up all the light ions. The entire system is

of course not time independent, the two shocks having very different Mach

numbers, but insofar as each individual shock front is time independent, we

identify them as the large and small amplitude shocks of the present theory.

The second effect is the quenching of the downstream oscillatory structure in

the shock, which is present to a greater or lesser degree for all values of 0.

This quenching has been experimentally observed and the preliminary experiments

agree with the results of Fig. 9, the indicated electron trapping being inter-

mediate between the Boltzmann result and the uniform density trapping result.

Final experimental results will be reported in a separate publication.
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Figure Captions

Fig. 1. Sagdeev Potential, V(W), in the cold ion limit, for m /m2 = 5. In

a), the light ion concentration, a = n2/ne, is held fixed at 1%

while the Mach number M is varied. In b), M is fixed at 1.2 and

n2 /ne is varied.

Fig. 2. Critical Mach number, M , as a function of light ion concentration

for e = T/Ti = , m/m2 =5.

Fig. 3. Critical Mach number as a function of incident light ion density,

ai' for e = 100, ml/m2 = 10.

Fig. 4. Thermal broadening of cusp in pseudopotential as a function of

8 = Te/T for fixed M and a.
Fe i

Fig. 5. Critical Mach number M as a function of e = T /T for V = ml/m2 = 5.

Fig. 6. Critical Mach number, Mc, as a function of 0 = T/T
i
for I m1 /m 2 10.

Fig. 7. Forbidden region in amplitude and Mach number for 0 = 100, n2i/n
e

= 2%.

Fig. 8. The Sagdeev potential for upstream and downstream states for various

0, n2/ne, with M = 1.25.

Fig. 9. Quenching of downstream oscillations by light ion addition (He in A)

with two choices for the electron equation of state.
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